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Gaseous jet injected into liquid typically occurs in underwater propulsion. The flow is unsteady 
and turbulent; the high density ratio between water and gas can induce many complicated phenomena. 
To investigate the underwater propulsion performance, the analytical gas bubble model which has 
been widely used to predict the thrust of underwater engine is summarized. In this model, water is 
assumed to form a conservative system, so that the work done on the water by the gas is equal to the 
sum of the kinetic and potential energies stored in water. To assess the validity of this approximate 
model, the detailed Navier-Stokes flow computations were made to elucidate flow structures of the gas-
liquid interactions and to evaluate their effect on the propulsion system. Specifically, multiphase 
unsteady flows were simulated using the Volume of Fluid model; fluid compressibility, viscosity, and 
energy transfer were taken into account. The results show that phenomena including expansion, 
necking/breaking, and back-attack were highlighted in the jet process, which cannot be described by 
the analytical model. Our analysis indicates that the back pressure in underwater propulsion is much 
different from the ambient pressure and can significantly affect the propulsion performance. When gas 
is fully expanded, the back pressure can be lower than the ambient pressure, which results in a 
decrease in total thrust. However, when the necking/breaking appears, the back pressure will jump to 
a high value, which affects the mass flow rate through the nozzle, the velocity and the pressure at the 
nozzle exit. Thus, the total thrust in underwater propulsion is not only determined by the nozzle 
geometry but also by the flow structures and associated pressure distributions.  
Nomenclature 
At = Area of nozzle throat 
Ae = Area of nozzle exit 
As = Area of cross-section of propulsion system 
dt = Diameter of nozzle throat 
ds = Diameter of cross-section of propulsion system 
D = Diameter of nozzle exit  
Ew,k = Kinetic energy of water  
Ew,p = Potential energy of water  
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Eb = Energy of gas bubble 
F = Thrust  
F* = Normalized thrust  
kt = Turbulent thermal conductivity  
kg = Thermal conductivity of gas  
kw = Thermal conductivity of water  
keff                = Effective thermal conductivity, keff  = k + kt  
   = Mass flow rate 
M = Mach number 
P = Designed nozzle exit pressure 
pe = Pressure at nozzle exit  
pb = Pressure in gas bubble 
pB = Back pressure 
p0 = Stagnant pressure  
p1 = Atmosphere pressure  
pa = Ambient pressure  
p* = Normalized pressure  
Pr,g = Prandtl number of gas  
Pr,w = Prandtl number of water  
Re = Reynolds number  
Rg = Gas constant  
T0 = Stagnant temperature 
ve = Velocity at nozzle exit  
U* = Normalized Axial-velocity 
U = Designed nozzle exit velocity 
ρw = Density of water  
ρg = Density of gas 
ρm = Density of mixture 
μw = Dynamic viscosity of water 
μg = Dynamic viscosity of gas 
μm = Dynamic viscosity of mixture 
αw = Volume fraction of water 
αg = Volume fraction of gas 
γ = Specific heats of gas  
I. Introduction  
he flow process of gaseous jet injected into liquid is unsteady and turbulent. It is encountered in a variety of 
engineering applications such as direct-contact condensers, metallurgical processes, underwater cutting, 
underwater propulsion, and so on. These wide-range applications of such flows have received much attention. 
So far, a considerable amount of effort has been directed towards measurement, observation, and modeling methods 
of the flow structures for submerged gaseous jets. A low speed gas jet usually turns into bubbly flow1, which can be 
well described by a theoretical model
2
. For a high speed jet, He et al.3 calculated the flow field by using the Level 
Set method. George et al.4 examined the dynamics of annular gas-liquid two-phase jets by means of direct numerical 
simulation. Cao et al.5 analyzed the dynamic characteristics of underwater supersonic gas jets at different depths, 
with different nozzle-expansion ratios. Lindau et al.6 developed an algorithm for modeling compressible phenomena 
in multiphase, reacting flows, and used the formulation to calculate a hypothetical high-speed supercavitating-
vehicle propulsion plum. Surin et al.7 conducted an experimental study of the discharge of a gas jet from a nozzle 
and its development in a liquid. The study focused on the dynamics of gas jet in a liquid, the structure of the region 
of interaction, and the regimes of discharge from the submerged nozzle with different degrees of gas assimilation. 
Koria
8
 presented a simple structure model and calculated the non-buoyant jet length. He concluded that for injection 
velocities of M<1, the gas jet disintegrates in the form of bubbles very close to the gas injecting orifice, and a bubble 
column forms in a metal bath. For M>1, the length of the non-buoyant jet in the bath was appreciable, and the jet 
later disintegrated into bubbles. Qi et al.9 and
 
Loth and Faeth10 provided strong evidence to show the presence of a 
shock-wave-containing expansion region for air jets in water. Studies on shock waves have also focused on their 
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movement11, reflection12-15, and influence of the confined boundary on their structure. For example, Abate and 
Shyy13 investigated the gas dynamic phenomenon of a normal shock wave within a tube undergoing a sudden area 
expansion. They focused on multiple gaseous mechanisms associated with highly transient flow and diffraction that 
give rise to turbulent, compressible, vortical flows, including shock–strain rate interaction, baroclinic effect, 
vorticity generation, and different aspects of viscous dissipation.  
Numerous studies indicate that the jet-induced effect is an important characteristic in submerged gas jet process. 
For example, Dai et al.16 described an experimental investigation of the flow pattern and hydrodynamic effect of 
underwater gas jets from supersonic and sonic nozzles operated in both perfect and imperfect expansion conditions. 
The obtained results showed that high-speed gas jets in still water induced large pressure pulsations upstream of the 
nozzle exit. The presence of shock-cell structures in the over- and under-expanded jets led to an increase in the 
intensity of the jet-induced hydrodynamic pressure. Shi et al.17, 18 indicated that the process of supersonic air jets 
ejecting in water is accompanied by strong flow oscillation, which is induced by jet process and related to shock 
waves reflecting in the gas phase. Wang et al.19 presented an experimental study on the back-attack phenomenon in 
underwater supersonic gas jets. The development of back-attack phenomenon was visualized using a digital camera. 
The fluctuating pressure distributions in the near field of the jet were obtained by a row of probes. The experimental 
findings indicated that in the region two diameters away from the nozzle exit downstream, the distortion of the gas 
jet induced a strong pressure pulse. Thus, for underwater propulsion, jet-induced effect is likely to be the 
distinguishing feature as compared to aerial propulsion.  
An analytical gas bubble model which is based on the Rayleigh–Plesset equation has been widely used to predict 
the performance of underwater engines because it approximately describes the inertia effect of water. Rogers20 used 
this model to predict the pressure during the ignition process; Richard21 used this model to determine the minimum 
starting transient for a given allowable pressure in an underwater engine; Wang et al.22 improved and used this 
model to study the flow status in the Laval nozzle under water; and Zhang et al.23 also used this model to study the 
engine’s thrust at the initial transient. However, as indicated by Shi et al.17, 18, complicated phenomena such as 
changes in pressure are involved in the injection of a submerged supersonic gas jet. The single bubble model is a 
low order approximation of the complex jet structure. 
In the present work, we aim to study the flow structures and phenomena involved in submerged supersonic gas 
jets; to investigate the characteristics of jet-induced effects; and to evaluate the influences on underwater propulsion 
performance so that a better understanding of underwater propulsion can be achieved.  
 
 
II. Analytical gas bubble model 
In this analytical gas bubble model, gas is represented as a single bubble which can expand in an infinite water 
region; the expansion velocity is in the radial direction and equal to dR/dt; the pressure and density distributions in 
the bubble are set to be uniform. Water is assumed to form a conservative system, so the work done on the water by 
the gas is equal to the kinetic energy plus the potential energy stored in water; the total energy exported from the 
nozzle is equal to the total energy stored in gas bubble and water. The relationship among water, gas bubble and 
nozzle was summarized by Wang  et al.22 as follows: 









   
   
                                                                          
 
       









                                                                         
 
where R is the radius of gas bubble, pb is the pressure in gas bubble, ρw 
is the density of water, T0 is stagnant 
temperature, H is the depth of location, p1 is the atmosphere pressure, γ is the ratio of specific heats of gas, Rg is the 
gas constant, and   is the mass flow rate. On the assumption that the gas flow in the nozzle is one-dimensional and 
the pressure in the gas bubble is equal to the back pressure, the mass flow rate can be controlled using the following 
3 conditions:  
 











     
     
  
 
   
 
   
      
                                                  
 
    









   









              
       
                                                                                                 
                                            
 
Here, p*b is the critical pressure and p0 is the stagnant pressure. pb,   and R can be obtained from the nonlinear 
differential equation set (1)-(3). Numerical solutions were matched in time by using the Runge-Kutta method of 
second order accuracy. The initial conditions are as follows: R|t=0 = 0.01, dR/dt|t=0 = 0, pb|t=0 = p1 +ρwgH.  
III. Navier-Stokes flow computation 
A. Governing equation  
The set of governing equations consists of the conservative form of the Navier-Stokes equations, the original k-ε 
two-equation turbulence closure, and a transport equation for the gas volume fraction. The continuity, momentum, 
energy and VOF model equations are given below. 
 
   
  
 
       
   
                                                                                     
              
       
  
 
         
   
  
  
   
 
 
   
    
   
   
 
   
   
                                               
 
  
          
    
 
   
                
 
   
     
  
   
 
    
                                      
 
  
       
 
   
                                                                                     
The mixture property, φm can be expressed as φm = φg αg+ φw(1-αg), where φ can be density, viscosity, etc. The 
density of gas conforms to the ideal gas law, and the density of water is assumed to be constant. 
B. Turbulence model  
The original k-ɛ turbulent model has been used in this study. The turbulence kinetic energy, k, and its rate of 




      
 
   
        
 
   





   
                                               
 
  
      
 
   
        
 
   





   
     
 
 
               
  
 
                    
     
while Gk represents the generation of turbulence kinetic energy due to the mean velocity gradients, Gb is the 
generation of turbulence kinetic energy due to buoyancy, and YM represents the contribution of the fluctuating 
dilatation in compressible turbulence to the overall dissipation rate. C1ɛ=1.44 and C2ɛ =1.92 are constants. σk =1.0, 
and σε=1.3 are the turbulent Prandtl numbers for k and ε, respectively. The turbulent viscosity is defined as: 
   
     
 
 
                                                                                              
 
 




C. Computational details 
The computation is carried out in the domain as shown in Figure 1 because of symmetry of the flow field. The 
grid with 19200cells was used in numerical simulation, and a finer grid is prescribed in the nozzle area and near the 
central line. For inlet, the stagnant temperature is 3000K, and the stagnant pressure is 5MPa; for outlet, the pressure 
is 0.59MPa. Reynolds number 5×105, is calculated based on the nozzle outlet diameter and local gas properties. 
Prandtl number of gas Pr,g
 
 is 0.536, and Prandtl number of water Pr,w
 
 is 5.83. Thermal conductivity of gas and 
water are 0.486W/m·K and 0.613 W/m·K, respectively. Initially, the fluid in the domain is stationary: while the 
temperature is 300K, the pressure is 0.59MPa, and the velocity at the nozzle inlet is 10m/s. 
 
Figure 1. Boundary condition for gaseous jet injected into water 
IV. Results and discussion  
The physical problem investigated in this paper is a supersonic gaseous jet injected into water from a bottom-
blowing mounted nozzle, where a converging-diverging Laval nozzle is used. The concerned flow field is the 
internal and external region of the nozzle. The nozzle is operated in the overexpansion condition. The design 
parameters are as follows: diameter of nozzle throat dt =0.04m; interior diameter of nozzle exit D =0.08m; diameter 
of cross-section of propulsion system ds =0.11m; exit pressure P =0.1485MPa; exit velocity U=1957m/s; ratio of 
specific heats of gas γ =1.4; Rg= 287.6m
2/s2K; atmosphere pressure p1 =0.1MPa; depth of working location H =50m. 
The total thrust of the underwater propulsion system is calculated by the following formula22, 31, 32: 
                                                                                                                                      
The first term on the right side is the momentum thrust represented by the product of the propellant mass flow rate 
and its exhaust velocity. The second term represents the pressure thrust consisting of the product of the nozzle exit 
area and the pressure difference between the nozzle exit pressure and the ambient pressure. The third term represents 
the pressure thrust generated by the difference of the pressure on the rear and front surfaces. The schematic of the 
propulsion system, illustrating the method for computing the total thrust, is shown in Figure 2. 
 
Figure 2. Schematic of the propulsion system, illustrating the method for computing thrust 
 
A. Jet process and flow structures  
Figure 3 shows the development of gaseous jet injected into water, where the results in column (1) are observed 
by Shi et al.18 via experimental methods, and the results in column (2)-(4) are obtained via the current Navier-Stokes 
flow computation. Although the experimental and numerical cases are based on different conditions, qualitatively 
 




similar flow structures are observed. The phenomena of expansion, necking/breaking, and back-attack27 have been 
highlighted, indicating that the flow development of gaseous jet injected into water is an unsteady process.  
Expansion process 
Initially, the inertia effect of the water will compress the gas behind the nozzle when gas jets enter water, which 
looks like a ―gas bag‖ enclosed by the surrounding water18. When the gas is over-compressed so that the internal 
pressure is high enough, surrounding water can be pushed away, and the gas expands freely to complete the 
expansion process, as shown in Figure 3a. As is known, the initial transient is important during the entire propulsion 
period as the inertia effect of the surrounding medium might result in a failure of the engine. Recently, studies have 
focused on this aspect as well 23, 28, 29. However, since the inertia effect of water is significant and persists, the later 
part of the expansion process is also important for underwater propulsion systems. As seen from the pressure 
distribution contour in Figure 3a, one can observe a low pressure zone behind the nozzle when the gas has fully 
expanded. The pressure difference on the rear and front surfaces of the propulsion system might generate a negative 
thrust.  
Necking/breaking 
At the end of the expansion process, gas expands too far causing the internal pressure to drop much lower than 
the ambient pressure. The ―gas bag,‖ shown in Figure 3a, will be compressed in the direction perpendicular to the 
flow. This principle is the same as that of the generation of a Mach disk. Sometimes the ―gas bag‖ breaks into two 
parts, and sometimes it shrinks at the central part; this is called necking/breaking, and it is shown in Figure 3b. This 
phenomenon is the main factor that causes the process of a gas jet in water to become much more unsteady and 
turbulent than that of a gas jet in gas. Compared to the expansion process, the pressure behind the nozzle is much 
higher during the process of necking/breaking. A shockwave moves into the nozzle, and the velocity at the nozzle 
exit decreases. Necking/breaking makes the gas flow passage narrower or obstructive, as gas cannot flow forward 
and is compressed behind the nozzle to generate a high pressure. That is why the high pressure region appears 
before the break point.  













Figure 3. Flow structures of (a) expansion, (b) necking/breaking, and (c) back-attack process. Axial-velocity 
and pressure are normalized by U*= u/U, p*= (p-P)/0.5ρrefU2 
 





After necking/breaking, one part of the gas flows downstream while the other part reverses toward the nozzle. 
The reverse flow impacts the nozzle surface, and it can even enclose the end part of the propulsion system as shown 
in Figure 3c; this process is called ―back-attack‖ 19, 27. A typical characteristic in the back-attack process is the 
presence of a negative axial-velocity. Aoki et al.30 described that the major factor causing tuyere refractory erosion 
is the gas jet blowing backward to the tuyere and impacting on the front of the tuyere surface. They defined this jet 
blowing backward phenomenon as ―back-attack‖ and found that it occurs after the jet necking. Shi et al.17, 18 
suggested that the back-attack is a shockwave feedback phenomenon. However, as seen from the axial-velocity 
contour and streamlines shown in Figure 3c, it is clear that the negative velocity only appears near and along the 
edges of the main flow passage, so that ―back-attack‖ is not the whole gas jet blowing backward. Then, compared 
with the previous necking/breaking, the shockwave is moving out of the nozzle further indicating that back-attack is  
not a shockwave feedback phenomenon18. It appears that the underlying reason of back-attack is the block of 
passage. Since gas cannot flow forward after necking/breaking, it will turn to the surrounding side to form a circle 
flow causing the reverse flow in this region. The impact force generated in ―back-attack‖ can result in the instability 
of underwater propulsion. 
B. Back pressure  
Back pressure, which is defined as the pressure exerted on the exhaust gas and against its flow direction, is an 
important factor in propulsion systems. The back pressure profiles acquired via Navier-Stokes computation and the 
bubble model for underwater gas jets have been compared and shown in Figure 4. Here, p*= (p-P)/0.5ρrefU2 and 
solution time, tU/D, are dimensionless parameters. ρref is the reference density at the nozzle exit. From the figure, it 
can be found that the two results are similar before tU/D = 50. Beyond this moment, the pressure obtained via 
Navier-Stokes computation drops to a lower value, with the appearance of discontinued pulses. However, the 
pressure obtained by using the gas bubble model has no pulse, while it just fluctuates around the ambient pressure. 
To find out the relationship between the pressure and the flow structures, the 4 impulses are marked as numbers 1 
through 4, which correspond to time equal to 475, 750, 1250 and 1730. The corresponding volume fraction contours 
are shown in Figure 4. It can be observed that the pulses occur when the gas starts to break into two parts, where 
each pulse represents one time gas break. Current results are consistent with that presented by Wang et al.19. 
Overall, Navier-Stokes flow computation can describe gas break phenomena, so that back pressure pulses can be 
observed. However, in the gas bubble model, there is no back pressure pulse since gas is assumed to expand in the 




Figure 4. Back pressure acquired via bubble model and Navier-Stokes computation 
 





      
                                             Pulse 1                                                                       Pulse 2 
      
                                             Pulse 3                                                                       Pulse 4 
Figure 5. Liquid volume fraction contour corresponding to the 4 pulses marked in figure 4.  
C. Normal velocity at nozzle exit  
A Laval nozzle is used in underwater propulsion systems. The gas is accelerated to supersonic speeds, and heat 
energy transfers to a high kinetic energy and generates thrust; thus, the normal velocity at the nozzle exit is another 
important factor for propulsion performance. Figure 6 shows the normal velocity profile at the nozzle exit obtained 
by using the bubble model and Navier-Stokes computation. It is clear that in the initial period ( tU/D<50 ), the two 
results are very similar; but in the later period, the result of the bubble model remains a stable value while negative 
velocity impulses occur in Navier-Stokes computation results. Comparing these 4 negative velocity pulses with the 4 
positive pressure pulses shown in Figure 3, it is clear that both occur when time is equal to 475, 750, 1250 and 1730. 
Checking the pressure distribution and shockwaves corresponding to the 4 negative pulses, shown in Figure 7, it is 
clear that the pressure around the nozzle exit is high because shockwaves have been pushed into the nozzle. 
Furthermore, the velocity in the bubble model is slightly higher than the maximum value in the Navier-Stokes 
computation results. One reason is that, unlike the bubble model, where the gas and water can be assumed to be 
inviscid, the Navier-Stokes computation considers the viscous loss in the nozzle area. Another reason is due to the 
difference in dimensionality of the two methods. The bubble model is one dimensional; the value of the normal 
velocity is equal to the velocity magnitude. However, in the two dimensional Navier-Stokes computation, the value 
of normal velocity is less than the velocity magnitude, since it only considers x component of the total velocity. 
D. Mass flow rate 
Besides the normal velocity at the nozzle exit, mass flow rate is another factor that affects the thrust. As seen 
from Figure 8, the mass flow rates calculated by using the two methods are similar, with a slight difference at the 
initial transient. As shown in the sub-figure, the mass flow rate of the bubble model continuously increases, while 
that of the Navier-Stokes computation fluctuates. Referring to the distribution of Mach number and shockwave 
complemented in Figure 9, it can be found that the shockwave is moving forward and backward in the nozzle from 
tU/D = 6 to tU/D = 30. When tU/D = 13, the shockwave disappears because the back pressure is high enough to 
cause the velocity in the whole nozzle region to become subsonic. As a result, the mass flow rate decreases. After a 
while, since the velocity at the throat comes back to sonic, a shockwave appears again in the diverging part of the 
nozzle, and the mass flow rate increases to the maximum value. After that, both of the results keep the maximum 
value, because the back pressure is not high enough to push the shockwave to move into the nozzle throat. From this, 
it is clear that the mass flow rate is also affected by the back pressure. 
 
 






Figure 6. The normal velocity at nozzle exit acquired via bubble model and Navier-Stokes computation 
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Figure 7. Pressure distribution and shockwaves corresponding to the 4 pulses marked in figure 6 
      
   
 











    
                                                        tU/D=6                                                  tU/D=8 
      
                                                     tU/D=13                                                   tU/D=30 
Figure 9. The distribution of Mach number and shockwaves when tU/D = 6, 8, 13 and 30  
 
 




E. Pressure at nozzle exit  
Figure 10 shows the time dependent pressure profiles at the nozzle exit. The similar peak values of the two 
results appear at the initial transient. After that, the result of the bubble model decreases to the designed exit pressure 
which is determined by the nozzle geometry. But the result of the Navier-Stokes computation has pressure pulses 
which are similar to what appear in back pressure profile. The reason is that if the back pressure is lower than the 
critical value, the shockwave stays outside of the nozzle. The pressure at the nozzle exit is determined by the nozzle 
geometry. However, once the back pressure is higher than the critical value, the shockwave moves into the nozzle 
causing the pressure to become the back pressure. From above, it can be found that the pressure at the nozzle exit is 
not only determined by nozzle geometry but also by the back pressure.  
 
 
Figure 10. The pressure at nozzle exit acquired via bubble model and Navier-Stokes computation 
F. Thrust of underwater propulsion 
The total thrust of the underwater propulsion is calculated by Equation 11. The time dependent thrust profiles 
obtained via the bubble model and the Navier-Stokes computation are shown in Figure 11, normalized thrust 
F*=F/AeP. Initially, both of the results have a peak value. The research of Zhang et al.
22, Shan et al.31, and Wang et 
al.32 indicate that for underwater propulsion, the thrust exhibits a big jump at the initial stage as well. Beyond this 
stage, the thrust calculated by using the bubble model has no pulse, and it just fluctuates around a constant value 
slightly. However, the thrust predicted by the Navier-Stokes computation fluctuates with the appearance of 
discontinued pulses.  
As shown in Equation 11, the total thrust is composed by 3 terms. The three components are analyzed based on 
the result of the Navier-Stokes flow computation, as shown in Figure 12. It is clear that the peak value of the total 
thrust is caused by the second term Ae (pe– pa) and the third term (As–Ae) (pB– pa). The negative pulses in     are 
generated by the decrease in the nozzle exit velocity. The positive pulses in Ae (pe– pa) and (As–Ae) (pB– pa) result 
from the increase in the nozzle exit pressure and the back pressure, correspondingly. Overall, for underwater 
propulsion systems, the thrust fluctuates intensely. The discontinued pulses are caused due to the increase in the 
nozzle exit pressure and the back pressure which is influenced by the flow structures.  
 
 









Figure 12.  Three components of the total thrust which is predicted by Navier-Stokes computation 
V. Conclusion  
In the present work, both analytical gas bubble analysis and Navier-Stokes computations were used to elucidate 
flow structures of the gas-liquid interactions and to evaluate their effect on propulsion systems. The main findings 
are summarized below. The results indicate that: 
 
 




(1) The gas bubble model can produce a reasonable solution only for the initial transient process. Since the 
bubble model envisions continuing expansion in the radial direction with no break-up of the gas flow, it 
cannot predict the physical process after the initial stage of the flow development.  
(2) The major flow characteristics observed in this study, including expansion, necking/breaking, and back-
attack are highlighted. In the gas expansion process, the gas pressure can drop to a level much lower than 
that of the ambient pressure, causing it to break up. Upon breaking up, the pressure before the break point 
increases due to the obstruction of the flow passage caused by the flow reversal. The flow reversal impacts 
the nozzle surface, creating the back-attack.  
(3) The back pressure significantly affects the flow structures in the nozzle. As the back pressure elevates, 
shock can move into the nozzle, causing the exit velocity to become subsonic. A high back pressure reduces 
the mass flow rate as well as affects the difference of the pressure on rear and front surfaces. 
(4) For underwater propulsion, the total thrust depends on the geometry of the system, the mass flow rate 
through the nozzle, the velocity and the pressure at the nozzle exit, the ambient pressure, and the back 
pressure which is influenced by the flow structures. The thrust fluctuates intensely with the appearance of 
discontinued pulses which are caused by the increase in the nozzle exit pressure and the back pressure. 
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